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a b s t r a c t
Motivated by the scalarization method in vector optimization theory, we take a new
approach to fixed point theory on conemetric spaces. By using our method we prove some
fixed point theorems and several common fixed point theorems on cone metric spaces in
which the cone need not be normal. Our results improve and generalize many well-known
results from the literature.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
Huang and Zhang [1] have replaced the real numbers by an ordering Banach space and defined the cone metric space;
see also [2]. Huang and Zhang [1] have obtained some fixed point theorems for contractive type maps in a normal cone
metric space. Recently some other authors [3–11] have generalized their results and have studied the existence of common
fixed point theorems in normal cone metric spaces. Very recently Rezapour et al. [12] omitted the assumption of normality
in some results of [1]. Arsad et al. [13] and Jungck et al. [14] improve and generalize some results of [3,1,12] by omitting
the normality assumption. In this paper, by using the scalarization method, we obtain some new fixed points and common
fixed point results for cone metric spaces without the normality assumption. Our results improve and generalize some
results of [3,4,13,2,6,15,14,16,1,12].
Let P be a nonempty convex cone of a real Banach space E. The ordering of E associated with a convex cone is the relation
 defined by
x  y⇔ y− x ∈ P.
We shall write x ≺ y if x  y and x 6= y. If int P 6= ∅, then we write x y if and only if y− x ∈ int P .
In this paper we suppose that E is a real Banach space and P is a given nonempty closed convex cone in E with int P 6= ∅. As-
sume that P is pointed (P∩−P = {0}), nontrivial (P 6= {0}) and is a partial orderingwith respect to P . A convex subset B of a
nonempty closed convex cone P is said to be a base of P if 0 6∈ B and P =⋃t≥0 tB. Let E∗ be the topological dual space of E. Set
P∗ = {φ ∈ E∗ : φ(x) ≥ 0, ∀ x ∈ P}.
P∗ is called the dual cone of P .
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Lemma 1.1 ([17,18]). The dual cone P∗ has a weak ∗ compact base B∗ which satisfies the following:
(i) x ∈ P ⇔ φ(x) ≥ 0, ∀ φ ∈ B∗;
(ii) x ∈ int P ⇔ φ(x) > 0,∀ φ ∈ B∗.
Definition 1.2. Let X be a nonempty set. Suppose that the mapping d : X × X → E satisfies:
(i) 0  d(x, y) for all x, y ∈ X and d(x, y) = 0 if and only if x = y;
(ii) d(x, y) = d(y, x) for all x, y ∈ X;
(ii) d(x, z)  d(x, y)+ d(y, z) for all x, y, z ∈ X .
Then, d is called a cone metric on X and (X, d) is called a cone metric space. Let {xn} be a sequence in X and x ∈ X . We say
that {xn} is:
(i) a d-Cauchy sequence if for every c ∈ E with 0 c , there exists N ∈ N such that, for allm, n ≥ N , d(xm, xn) c;
(ii) d-convergent to x, and denoted by limn xn = x, or xn→c x, if for every c ∈ E with 0  c , there exists N ∈ N such that,
for all n ≥ N , d(xn, x) c.
The cone metric space (X, d) is called complete if every d-Cauchy sequence in X is d-convergent. In the next section, we
need the following extension of Banach’s contraction principle which is due to Geraghty [16].
Let S denote the class of those functions α : R+ → [0, 1)which satisfy the condition α(tn)→ 1⇒ tn → 0.
Theorem 1.3 ([16]). Let (X, ρ) be a complete metric space and T be a self-mapping on X. Suppose there exists α ∈ S such that
for each x, y ∈ X,
ρ(T (x), T (y)) ≤ α(ρ(x, y))ρ(x, y).
Then, T has a unique fixed point z ∈ X and {T nx} converges to z for each x ∈ X.
Theorem 1.4 ([6]). Let (X, ρ) be a complete metric space, T be a continuous self-mapping on X and S be any self-mapping on X
that commutes with T . Further, let T and S satisfy
ρ(Sx, Sy) ≤ λmax{ρ(Tx, Ty), ρ(Tx, Sx), ρ(Tx, Sy), ρ(Ty, Sy), ρ(Ty, Sx)}. (1.1)
Then, T and S have a unique common fixed point.
Let us recall that if T = IX is the identity map on X , and S satisfies (1.1), then S is called a quasicontraction. Ćirić [19]
introduced and studied quasicontraction as one of the most general contractive type maps.
Definition 1.5. Let (X, d) be a cone metric space and S, T be two self-mappings on X . Then, S is called a T -quasicontraction
if for some constant λ ∈ (0, 1) and for every x, y ∈ X , there exists
u ∈ {d(Tx, Ty), d(Tx, Sx), d(Tx, Sy), d(Ty, Sy), d(Ty, Sx)}
such that d(Sx, Sy)  λ.u
Let (X, ρ) be a complete metric space and let T and S be two self-mappings on X . Then, S and T are said to be weakly
compatible if Tu = Su for some u ∈ X; then TSu = STu. We say that T and S satisfy the property (E.A.) with respect to ρ [20]
if there exists a sequence (xn) such that
lim
n→∞ ρ(Txn, t) = limn→∞ ρ(Sxn, t) = 0,
for some t ∈ X .
Theorem 1.6 ([21]). Let T and S be two weakly compatible self-mappings of a metric space (X, ρ). Suppose that T and S satisfy
the property (E.A.) and SX is a complete subspace of X. Suppose one of the following assumptions is satisfied for all x 6= y ∈ X:
(i) ρ(Tx, Ty) ≤ kmax{ρ(Sx, Sy), ρ(Sx, Tx), ρ(Sy, Ty), 12 [ρ(Sx, Ty)+ ρ(Sy, Tx)]}, where k ∈ (0, 1).
(ii) ρ(Tx, Ty) ≤ hmax{ρ(Sx, Sy), ρ(Sx, Tx), ρ(Sy, Ty), 12ρ(Sx, Ty), 12ρ(Sy, Tx)}, where h ∈ (0, 1).
(iii) ρ(Tx, Ty) ≤ hmax{ρ(Sx, Sy), 12 [ρ(Sx, Tx)+ ρ(Sy, Ty)], 12 [ρ(Sx, Ty)+ ρ(Sy, Tx)]}, where h ∈ (0, 1).
(iv) ρ(Tx, Ty) ≤ a1ρ(Sx, Sy)+ a2ρ(Sx, Tx)+ a3ρ(Sy, Ty)+ a4ρ(Sx, Ty)+ a5ρ(Sy, Tx), where∑5i=1 ai < 1.
(v) ρ(Tx, Ty) ≤ h2 max{ρ(Sx, Sy), ρ(Sx, Tx), ρ(Sy, Ty), ρ(Sx, Ty), ρ(Sy, Tx)}, where h ∈ (0, 1).
(vi) ρ(Tx, Ty) ≤ a1.ρ(Sx, Sy)+ a2.ρ(Sx, Tx)+ a3.ρ(Sy, Ty)+ a4[ρ(Sx, Ty)+ ρ(Sy, Tx)], where a1 + a2 + a3 + 2a4 < 1.
Then, T and S have a unique common fixed point.
Theorem 1.7 ([20]). Let T and S be two weakly compatible self-mappings of a metric space (X, ρ) such that:
(i) T and S satisfy the property (E.A.),
(ii)
ρ(Tx, Ty) < max
{
ρ(Sx, Sy),
[ρ(Tx, Sx)+ ρ(Ty, Sy)]
2
,
[ρ(Ty, Sx)+ ρ(Tx, Sy)]
2
}
, ∀x 6= y ∈ X,
(iii) TX ⊆ SX.
If SX or TX is a complete subspace of (X, ρ), then T and S have a unique common fixed point.
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2. Main results
In this section we obtain a cone metric version of Geraghty’s result [16] which itself is a generalization of Banach’s
contraction principle. Also, several common fixed point theorems in the setting of cone metric spaces are given. The
following lemma is crucial to our proofs.
Lemma 2.1. Let (X, d) be a complete cone metric space. Then, there exists a metric ρ on X such that (X, ρ) is a complete metric
space and
xn→c x⇔ ρ(xn, x)→ 0,
for any sequence {xn} in X.
Proof. By Lemma 1.1, the dual cone P∗ has a weak* compact base B∗. We define the map ρ : X × X → R as follows:
ρ(x, y) = max
φ∈B∗
φ(d(x, y)), ∀x, y ∈ X .
Since B∗ is weak* compact, then B∗ is norm bounded and ρ is well defined. We first show that ρ is a metric on X . It is clear
that ρ(x, y) ≥ 0 and ρ(x, y) = ρ(y, x) for all x, y ∈ X . Now, assume that ρ(x, y) = 0; then φ(−d(x, y)) = 0 ≥ 0, ∀ φ ∈ B∗.
Hence, by Lemma 1.1−d(x, y) ∈ P . On the other hand d(x, y) ∈ P; thus d(x, y) = 0 (note that P ∩ (−P) = {0}) and so x = y.
Also if x, y, z ∈ X and φ ∈ B∗, then (note that φ is increasing)
φ(d(x, y)) ≤ φ(d(x, z))+ φ(d(z, y)).
Therefore,
ρ(x, y) ≤ ρ(x, z)+ ρ(z, y) ∀x, y, z ∈ X .
Now, we show that (X, ρ) is a complete metric space. Let {xn} be a ρ-Cauchy sequence in (X, ρ) and c  0. Then, by
Lemma 1.1, minφ∈B∗ φ(c) > 0. Since {xn} is ρ-Cauchy, then there exists an N ∈ N such that
ρ(xn, xm) < min
φ∈B∗
φ(c) ∀m, n ≥ N.
Hence, φ(d(xn, xm)) < φ(c) for allm, n ≥ N . Therefore,
φ(c − d(xn, xm)) > 0, ∀m, n ≥ N and ∀φ ∈ B∗.
Thus, by Lemma 1.1 we have
d(xm, xn) c, ∀m, n ≥ N.
Since {xn} is a d-Cauchy sequence and (X, d) is a complete cone metric space, then {xn} is d-convergent. Hence, xn → x for
some x ∈ X . Now, we show that for every positive real number , there exists a c  0 such that maxφ∈B∗ φ(c) ≤ . We
assume, on the contrary, that there exists  > 0 such that maxφ∈B∗ φ(c) >  for all c  0. If c  0 then cn  0 for all n ∈ N.
Thus, for any n ∈ N there exists a φn ∈ B∗ such that φn( cn ) > . But since B∗ is weak*-compact then it is norm bounded and







which is a contradiction. Let  be a positive real number and let c  0 be such that maxφ∈B∗ φ(c) ≤ . Since xn → x, then
there exists N ∈ N such that
d(xn, x) c, ∀n ≥ N.
Therefore,
ρ(xn, x) = max
φ∈B∗
φ(d(xn, c)) ≤ max
φ∈B∗
φ(c) ≤ , ∀n ≥ N.
Thus, ρ(xn, x)→ 0, and this shows that (X, ρ) is a complete metric space (note that we incidentally proved that xn→c x⇔
ρ(xn, x)→ 0). 
Let S∗ denote the class of those functions α∗ : P → [0, 1)which satisfy the condition α∗(un)→ 1⇒ un → 0.
Theorem 2.2. Let (X, d) be a complete cone metric space and T : X → X be a map. Suppose that there exists α∗ ∈ S∗ such that
for each x, y ∈ X,
d(T (x), T (y))  α∗(d(x, y))d(x, y).
Then, T has a unique fixed point z ∈ X and T nx converges to z for each x ∈ X.
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Proof. If ρ(x, y) = maxφ∈B∗ φ(d(x, y)), then by Lemma 2.1, (X, ρ) is a complete metric space. Suppose that φ ∈ B∗; since φ
is an increasing linear functional, then
φ(d(T (x), T (y))) ≤ α∗(d(x, y))φ(d(x, y)).
Therefore,
ρ(T (x), T (y)) ≤ α∗(d(x, y))ρ(d(x, y)). (2.1)
Let
α(r) = sup{α∗(u) : u ∈ P,max
φ∈B
φ(u) = r} ∀r > 0.
Since 0 ≤ α∗(u) < 1 for each u ∈ P , then 0 ≤ α(r) ≤ 1. Now, we show that α(r) < 1 for each r > 0. Suppose on the
contrary that α(r0) = 1 for some r0 > 0. Then, by definition there exists a sequence un ∈ P such that α∗(un) → 1 and
maxφ∈B∗ φ(un) = r0. Since α∗ ∈ S∗ then we get un → 0. Thus, maxφ∈B∗ φ(un) → 0 = r0 (note that since B∗ is weak*
compact then it is norm bounded). This contradiction shows that α(r) < 1 for each r > 0. Now, we show that α ∈ S.
To show this suppose that α(tn) → 1. Then, by definition of α there exists a sequence un ∈ P such that α∗(un) → 1 and
maxφ∈B∗ φ(un) = tn. Since α∗ ∈ S∗, then un → 0 and so maxφ∈B φ(un) = tn → 0. Also, we have
α(ρ(x, y)) = sup{α∗(u) : u ∈ P,max
φ∈B
φ(u) = ρ(x, y)} ≥ α∗(d(x, y)).
Then, from (2.1), we obtain
ρ(T (x), T (y)) ≤ α(ρ(x, y))ρ(x, y).
Therefore, by Theorem 1.4 T has a unique fixed point z. Moreover, for each x ∈ X , ρ(T n(x), z) → 0 as n → ∞. Thus, by
Lemma 2.1 we get T n(x)→ z as n→∞ for each x ∈ X . 
Let 0 ≤ k < 1 be a constant and α(t) = k for each t ∈ P . Then, Theorem 2.2 reduces to the following corollary which
improves that of Huang and Zhang [1, Theorem 1] (note that we don’t assume that P is a normal cone).
Corollary 2.3. Let (X, d) be a complete cone metric space. Suppose the mapping T : X → X satisfies the contractive condition
d(T (x), T (y))  kd(x, y), for all x, y ∈ X,
where k ∈ [0, 1) is a constant. Then, T has a unique fixed point in X. Moreover, for any x ∈ X, iterative sequence T nx converges
to the fixed point.
In the sequel, we obtain the following result which is Theorem 2.1 of [6] without the normality condition.
Theorem 2.4. Let (X, d) be a complete cone metric space. Let us have S, T : X → X, T commutes with S, T or S is continuous,
S(X) ⊆ T (X), and S is a T-quasicontraction. Then, T and S have a common fixed point in X.
Proof. Let ρ(x, y) = maxφ∈B∗ φ(d(x, y)) for each x, y ∈ X . Then, by Lemma 2.1, (X, ρ) is a complete metric space.
Furthermore,
ρ(Sx, Sy) ≤ λmax{ρ(Tx, Ty), ρ(Tx, Sx), ρ(Tx, Sy), ρ(Ty, Sy), ρ(Ty, Sx)}.
Therefore, by Theorem 1.4 T and S have a common fixed point. 
The following result is the cone metric version of Theorem 1.6.
Theorem 2.5. Let T and S be two weakly compatible self-mappings of a cone metric space (X, d). Suppose that T and S satisfy
the property (E.A.) and SX is a complete subspace of X. Suppose one of the following assumptions is satisfied for all x 6= y ∈ X:
(i) There exists u ∈ {d(Sx, Sy), d(Sx, Tx), d(Sy, Ty), 12 [d(Sx, Ty)+ d(Sy, Tx)]} such that d(Tx, Ty)  k.u where k ∈ (0, 1).
(ii) There exists u ∈ {d(Sx, Sy), d(Sx, Tx), d(Sy, Ty), 12d(Sx, Ty), 12d(Sy, Tx)} such that d(Tx, Ty)  h.u where h ∈ (0, 1).
(iii) There exists u ∈ {d(Sx, Sy), 12 [d(Sx, Tx)+d(Sy, Ty)], 12 [d(Sx, Ty)+d(Sy, Tx)]} such that d(Tx, Ty)  h.u where h ∈ (0, 1).
(iv) d(Tx, Ty)  a1d(Sx, Sy)+ a2d(Sx, Tx)+ a3d(Sy, Ty)+ a4d(Sx, Ty)+ a5d(Sy, Tx), where∑5i=1 ai < 1.
(v) There exists u ∈ {d(Sx, Sy), d(Sx, Tx), d(Sy, Ty), d(Sx, Ty), d(Sy, Tx)} such that d(Tx, Ty)  h2 .u, where h ∈ (0, 1).
(vi) d(Tx, Ty)  a1.d(Sx, Sy)+ a2.d(Sx, Tx)+ a3.d(Sy, Ty)+ a4[d(Sx, Ty)+ d(Sy, Tx)], where a1 + a2 + a3 + 2a4 < 1.
Then, T and S have a unique common fixed point.
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Proof. If ρ(x, y) = maxφ∈B∗ φ(d(x, y)) for each x, y ∈ X , then by Lemma 2.1 SX is complete subspace of (X, ρ). Since T and
S satisfy the property (E.A.) with respect to d, then there exists a sequence {xn} and t ∈ X such that
Txn → t and Sxn → t, as n→∞.
From Lemma 2.1, we obtain
lim
n→∞ ρ(Txn, t) = limn→∞ ρ(Sxn, t) = 0.
This shows that T and S satisfy the property (E.A.) with respect to ρ. Moreover, it is easy to see that each of the assumptions
(i)–(vi) implies its counterpart in Theorem 1.6 with respect to metric ρ. Therefore, by Theorem 1.6, T and S have a unique
common fixed point. 
Remark 2.6. (a) In general, a pair enjoying the (E.A.) property need not follow the pattern of containment of the range of
onemap into the range of the other as utilized in common fixed point considerations, but still relaxes such requirements;
see [21, Example 1.1].
(b) Part (iii) of the above theorem was obtained by Abbas et al. [3] in the case where TX ⊆ SX and P is a normal cone; see
Theorems 2.1, 2.3 and 2.4.. But from the proofs of these theorems one can see easily that T and S have the (E.A.) property.
Therefore, we establish Theorems 2.1, 2.3 and 2.4 of [3] by omitting the assumption of normality and containment.
(c) From part (iv) of Theorem 2.5 we can obtain Corollaries 2.3–2.8 of [4] without the normality assumption. Also, since
Theorem 2.1 of [4] holds in the complete metric space, then by the same proof as for the previous results one can obtain
Theorem 2.1 of [4] by omitting the assumption of normality. Furthermore, part (iv) improves Theorem 2 and Corollaries
2, 3 of [13] and some results in the references therein.
(d) Parts (i), (iii) and (iv) of the above theorem are Theorems 2.1, 2.2 and 2.8 of [14], respectively, in the case where
T (X) ⊆ S(X). But, notice that in the proof of these results we have shown that S and T have the (E.A.) property.
Now, by Theorem 1.7 we establish another common fixed point theorem for cone metric spaces.
Theorem 2.7. Let T and S be two weakly compatible self-mappings of a cone metric space (X, d) such that:
(i) T and S satisfy the property (E.A.) with respect to d,




[d(Tx, Sx)+ d(Ty, Sy)]
2
,





(iii) TX ⊆ SX.
If SX or TX is a complete subspace of (X, d), then T and S have a unique common fixed point.
Proof. (X, ρ) is a complete metric space where ρ(x, y) = maxφ∈B∗ φ(d(x, y)). The maps T and S satisfy the property (E.A.)
with respect to ρ. Also, we have
ρ(Tx, Ty) < max
{
ρ(Sx, Sy),
[ρ(Tx, Sx)+ ρ(Ty, Sy)]
2
,
[ρ(Ty, Sx)+ ρ(Tx, Sy)]
2
}
, ∀x 6= y ∈ X .
Thus, all of the assumptions of Theorem 1.7 are satisfied and so T and S have a unique common fixed point. 
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